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Abstract
In this paper, we obtain strong density results for the orbits of real numbers under the action of the
semigroup generated by the affine transformations T0(x) = x/a and T1(x) = bx + 1, where a, b > 1. These
density results are formulated as generalizations of the Dirichlet approximation theorem and improve the
results of Bergelson, Misiurewicz, and Senti. We show that for any x,u > 0 there are infinitely many
elements γ in the semigroup generated by T0 and T1 such that |γ (x) − u| < C(t1/|γ | − 1), where C and t
are constants independent of γ , and |γ | is the length of γ as a word in the semigroup. Finally, we discuss
the problem of approximating an arbitrary real number by the ratios of prime numbers and the ratios of
logarithms of prime numbers.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
The Dirichlet approximation theorem states that, given any real number u and positive inte-
ger N , there exist integers p,q with 0 < q N such that∣∣∣∣pq − u
∣∣∣∣< 1qN . (1.1)
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In the sequel, we shall give a different formulation of this theorem that gives way to generaliza-
tions.
Let Γ denote the free semigroup generated by two elements σ and τ . Given two maps
T0, T1 : (0,∞) → (0,∞), we obtain an action of Γ on (0,∞) by mapping σ to T0 and τ to T1.
For x > 0 and γ ∈ Γ , let γ (x) be the image of x under the action induced by γ on (0,∞). To em-
phasize that the action of γ on R depends on T0 and T1, we may use the notation γ ∈ Γ (T0, T1).
The length function | · | : Γ → Z is defined inductively by
|λ| = 0, |σ | = |τ | = 1, |w1 · w2| = |w1| + |w2|, ∀w1,w2 ∈ Γ,
where λ is the identity element in Γ . Given x, y > 0, we say y is reachable from x via Γ =
Γ (T0, T1), if there exists γ ∈ Γ such that y = γ (x). Also the reachability function R : (0,∞)2 →
Z ∪ {∞} is defined by
R(x, y) = min
γ∈Γ
{|γ |: γ (x) = y}, (1.2)
if y is reachable from x. If y is not reachable from x, then we set R(x, y) = ∞.
In Section 2, we consider the functions
T0(x) = 1
x
, T1(x) = x + 1. (1.3)
As we shall see in Lemma 2, for this choice of T0 and T1, we have R(1,p/q)  p + q for all
positive integers p and q . It follows from the inequality (1.1) that if u is an irrational number,
then there exist infinitely many γ ∈ Γ such that∣∣γ (1) − u∣∣< C|γ |−2, (1.4)
where C = C(u) depends only on u. In other words, one can reach an O(n−2) neighborhood of
u by applying n suitable iterations of T0 and T1, for arbitrarily large n. However, if u is a rational
number, then we can only reach an O(n−1) neighborhood of u (see Theorem 3). It follows that,
with T0 and T1 given by (1.3), the orbit of x = 1 under the action of Γ (T0, T1) is not only dense
but has a strong density property that we make precise in the following definition.
Definition 1. For x > 0, let Γx denote the orbit of x under the semigroup action of Γ (T0, T1).
Let f :N → (0,∞) be a decreasing function such that f (n) → 0 as n → ∞. We say Γx is
O(f )-dense in [0,∞), if for every u 0, there exist infinitely many γ ∈ Γ (T0, T1) such that∣∣γ (x) − u∣∣< Cf (|γ |),
where C > 0 is a constant that depends on T0, T1, x, and u.
In Theorem 3, we show that Γx is O(n−1)-dense for every x ∈ (0,∞). In Section 3, we
consider the important class of affine functions on (0,∞) obtained by setting
T0(x) = x , T1(x) = bx + 1, (1.5)
a
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the real line and have proved that the orbit of every x ∈ (0,∞) is dense in [0,∞). In Theorems 4
and 5, we will show that the orbit of every x ∈ (0,∞) is O(t1/n − 1)-dense, where t depends
only on a and b. Moreover, we show that if loga b is rational, then the orbit of every x ∈ (0,∞)
is O(exp(−ns))-dense for any s ∈ (0,1). Since t1/n − 1 = O(n−1) and exp(−ns) = O(n−1) for
all t  1 and s ∈ (0,1), it follows that the orbit of every x ∈ (0,∞) is in particular O(n−1)-dense
(cf. Theorem 3).
It is worth mentioning how these density results relate to the 3x + 1 problem. Recall that the
3x + 1 problem (also known as the Collatz problem) asks if iterating the map
f (m) =
{
m/2, m is even,
3m + 1, m is odd
returns 1, starting from any positive integer (see [6] for a survey of the 3x + 1 problem). In our
terminology, this problem asks if 1 can be reached from every positive integer by iterations of
T0 and T1 for the specific values a = 2 and b = 3. Note that any finite sequence of iterations
of T0 and T1 that starts from a positive integer and ends in 1 will pass through integers only.
To see this, let x1, x2, . . . , xm be a sequence of positive numbers such that x1 ∈ N, xm = 1, and
xi+1 = Tk(xi) where k = 0 or k = 1. For i  m, define ui to be the smallest integer such that
2ui xi ∈ N. Then u1  u2  · · · um. Since um = 0, we have ui  0, and so xi ∈ N for all i m.
Our density results show that, starting from any x > 0 and applying n suitable iterations of T0
and T1, we can approach 1 at a rate comparable to the decay 2(25/n − 1) for arbitrarily large n;
see inequality (3.10).
In Section 4, we discuss the interesting problem of approximating arbitrary real numbers
by the ratios of prime numbers and propose a conjecture in light of recent work of Goldston,
Motohashi, Pintz, and Yildirim [5].
2. Dirichlet approximation and Kronecker’s theorem
In this section, let T0(x) = 1/x and T1(x) = x + 1. One can get arbitrarily close to any u ∈
(0,∞) by starting from any x ∈ (0,∞) and applying a combination of these transformations in
the right order. We prove a stronger statement in the theorem below. We first need a lemma:
Lemma 2. If p and q are positive integers, then R(1,p/q) p + q .
Proof. Proof is by induction on p + q  2. If p + q = 2, then R(p,q) = R(1,1) = 0  2.
Thus, suppose R(r, s)  r + s for all positive integers r, s with r + s  k and let p/q be such
that p + q = k + 1. If p = q , then R(1,p/q) = R(1,1) = 0  p + q . If p > q , then p/q =
T1((p − q)/q). By the inductive hypothesis, we have
R(1,p/q) 1 + R(1, (p − q)/q) p + 1 p + q.
If 1 < p < q , then p/q = T0T1((q − p)/p), and again by the inductive hypothesis, we have
R(1,p/q)  2 + R(1, (q − p)/p)  q + 2  p + q . Finally if p = 1, then p/q = 1/q =
T0T
q−1
1 (1), and so R(1,p/q) q  p + q . 
Define Q :R → {1,2} by setting Q(u) = 1, if u is a rational number, and Q(u) = 2 if u is an
irrational number.
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(0,∞), there exist infinitely many γ ∈ Γ (T0, T1) such that
∣∣γ (x) − u∣∣< C|γ |−Q(u), (2.1)
where C depends only on u and x.
Proof. By considering T1(x) if necessary, we can assume x = 1 +  for some  > 0. For
γ ∈ Γ , let pγ and qγ be coprime positive integers such that γ (1) = pγ /qγ . Then γ (1 + ) =
(pγ +mγ )/(qγ + nγ ) for mγ ,nγ  0 depending on γ . We will prove by induction on |γ | that
∣∣γ (1) − γ (1 + )∣∣= 
qγ (qγ + nγ ) . (2.2)
If γ = λ, then qγ = 1 and nγ = 0, and so (2.2) follows. Suppose the equality (2.2) is valid for
all η ∈ Γ with |η| k, and let γ be such that |γ | = k + 1. Recall that σ and τ are the generators
of Γ , as defined in the Introduction, such that the action of Γ on (0,∞) is given by mapping σ
to T0 and τ to T1. It follows that there exists η ∈ Γ with |η| k such that γ = τη or γ = ση. If
γ = τη, then |γ (1)− γ (1 + )| = |η(1)− η(1 + )| and qγ = qη. Hence, Eq. (2.2) follows from
the inductive hypothesis. On the other hand, if there exists η ∈ Γ such that γ = ση, then
∣∣γ (1) − γ (1 + )∣∣= ∣∣∣∣ qηpη −
qη + nη
pη + mη
∣∣∣∣= |qηmη − pηnη|pη(pη + mη) =

qγ (qγ + nγ ) ,
since qγ = pη and nγ = mη, and we used the equality (2.2) for η to conclude that
|qηmη − pηnη| = 1. This completes the proof of (2.2).
Now, suppose u is an irrational number. Then by (1.1) and Lemma 2, there are infinitely many
γ ∈ Γ such that
∣∣γ (1) − u∣∣< 1
q2γ
(2.3)
and
|γ | pγ + qγ  qγ u + 1
qγ
+ qγ  (u + 2)qγ . (2.4)
It follows from (2.2) and (2.3) that for x = 1 + ,
∣∣γ (x) − u∣∣ ∣∣γ (1 + ) − γ (1)∣∣+ ∣∣γ (1) − u∣∣ 
q2γ
+ 1
q2γ
=  + 1
q2γ
. (2.5)
Then (2.1) follows from (2.4) and (2.5) with C = (x + 1)(u + 2)2 and q(u) = 2.
It is left to prove the inequality (2.1) when u is a rational number. Suppose u = k/l, where k
and l are positive integers. Then for any positive integer m, apply Lemma 2 to p = klm + 1 and
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|γ | klm + lm+1 + 1. As in (2.5), for x = 1 + , we have
∣∣γ (x) − u∣∣ ∣∣γ (1 + ) − γ (1)∣∣+ ∣∣γ (1) − u∣∣ 
l2m+2
+ 1
lm+1
< (u + 2)|γ |−1,
for m large enough. 
3. Affine actions
In this section, we set T0(x) = x/a and T1(x) = bx + 1, where a, b > 1. Recall that Kroneck-
er’s theorem [1] states that any β ∈ R can be approximated by multiples of any irrational number
α modulo integers; in other words:
∀ > 0 ∃m,n ∈ Z: |mα − n − β| < . (3.1)
A stronger result [7, §2.4] states that, for any N ∈ N, there exist m,n ∈ Z such that m > N and
|mα − n − β| < 3
m
. (3.2)
In particular, the orbit of every x ∈ R under the action of the semigroup generated by the maps
y → y + α and y → y − 1 is O(n−1)-dense in R. We will use this stronger version of Kroneck-
er’s theorem with the affine maps T0 and T1 defined by (1.5). In this section, σ and τ are the
generators of Γ so that σ(x) = x/a and τ(x) = bx + 1.
Theorem 4. Suppose a, b > 1 and α = loga b is an irrational number. Then the orbit of every
x ∈ (0,∞) is O(t1/n − 1)-dense in [0,∞), where t depends only on a and b. More precisely, for
each real number u 0, there exist infinitely many γ ∈ Γ such that:
∣∣γ (x) − u∣∣< (u + 1)∣∣(ab)3/|γ | − 1∣∣. (3.3)
Proof. If u = 0, then γ = σm satisfies (3.3) for m large enough. Thus, suppose u > 0. For α =
loga b and β = loga{(b − 1)u}, the inequality (3.2) implies that there exist infinitely many pairs
of positive integers (m,n) such that
∣∣loga bm − n − loga{(b − 1)u}∣∣< 3
m
. (3.4)
On the other hand,
∣∣loga(bm − 1)− loga bm∣∣=
∣∣∣∣loga
(
1 − 1
bm
)∣∣∣∣< 1m, (3.5)
for m large enough. Inequalities (3.4) and (3.5) imply that
∣∣loga(bm − 1)− n − loga{(b − 1)u}∣∣< 4 , (3.6)
m
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Let γ = ητσm = σnτmσm. Then we have γ (x) = η(bx/am + 1). It follows from the linearity of
T0 and T1 that
∣∣γ (x) − η(1)∣∣= ∣∣∣∣η
(
b
am
x + 1
)
− η(1)
∣∣∣∣= bmxam+n .
The inequality (3.4) implies that bm/an  (b − 1)ua3/m. Then
∣∣γ (x) − u∣∣ ∣∣γ (x) − η(1)∣∣+ ∣∣η(1) − u∣∣
 (b − 1)uxa−m+3/m + u(a4/m − 1)
 (u + 1)(a4/m − 1), (3.8)
for m large enough. By inequality (3.4), we have n (α + 1)m for m large enough, and so
|γ | = 2m + n (α + 3)m. (3.9)
It follows from (3.8) and (3.9) that there are infinitely many γ ∈ Γ such that∣∣γ (x) − u∣∣ (u + 1)(a3/|γ |b1/|γ | − 1), (3.10)
and the theorem follows. 
When lna b is a rational number, then a stronger approximation theorem holds:
Theorem 5. Suppose a, b > 1 and loga b is a rational number. Then for any x ∈ (0,∞) and
u ∈ [0,∞), there exist infinitely many γ ∈ Γ such that
∣∣γ (x) − u∣∣< exp(−C|γ |
u + 1
)
, (3.11)
where C is a positive constant that depends only on a and b.
Proof. If u = 0, then γ = σm satisfies (3.11) with C = 1/2 for m large enough. Thus, sup-
pose u > 0. We first prove the theorem when a = b > 1. The following lemma allows us to write
u in the base of a.
Lemma 6. Suppose a > 1 and u > 0. Then there exist nonnegative integers qi , i  0, such that
0 < u −
k∑
i=0
qia
−i  a−k, ∀k  0. (3.12)
Moreover, q0  u and qi  a for i  1.
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 where 	z
 means the smallest integer greater than or equal to z. Suppose
we have defined qi for 0 i  k. Define qk+1 by setting
qk+1 =
⌈(
u −
k∑
i=0
qia
−i
)
ak+1 − 1
⌉
.
The inequality (3.12) follows from the construction. It is left to prove the last statement in the
lemma. We clearly have q0 = 	u − 1
  u. For i  1, the inequality (3.12) implies that qk 
	a−k · ak+1 − 1
 a, and the proof of Lemma 6 is completed. 
The inequalities (3.12) imply that u = limuk where
uk =
k∑
i=0
qia
−i .
Since uk < u for all k  0, there are infinitely many k such that qk > 0. In the next lemma, we
show that each uk is reachable from 1 and R(1, uk) is bounded properly by the qi ’s.
Lemma 7. Suppose a = b > 1 and p0, . . . , pk are nonnegative integers with pk > 0. Then there
exists η ∈ Γ such that η(1) =∑k0 pia−i with
|η| k + 2
k∑
i=0
pi. (3.13)
Moreover, η′ = a−k , where η′ is the derivative of the linear function induced by η on R.
Proof. The proof is by induction on k  0. Recall that σ and τ are generators of Γ that act
linearly on R by
σ(x) = x
a
, τ (x) = ax + 1.
If k = 0, then p0 > 0, and we can set η = (τ · σ)p0−1. Clearly η(1) = p0 and |η| 2p0. More-
over, η′ = 1 = a0. Next, suppose the claims in Lemma 7 are true for k, and let p0, . . . , pk+1
be nonnegative integers with pk+1 > 0. We write P = ∑k+10 pia−i = p0 + Q/a, where
Q = ∑k0 pi+1a−i . By the inductive hypotheses, there exists μ ∈ Γ such that μ(1) = Q and
|μ| k + 2∑k+11 pi . Next, for η = (τ · σ)p0 · σ · μ, we have η(1) = P and
|η| 2p0 + 1 + |μ| k + 1 + 2
k+1∑
0
pi.
This completes the proof of the inequality (3.13). Moreover, by the inductive hypotheses,
μ′ = a−k , and so η′ = σ ′μ′ = a−1a−k = a−k−1. This completes the proof of Lemma 7. 
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that, for each k with qk > 0, there exists γk ∈ Γ such that γk(1) = uk and
|γk| k + 2
k∑
i=0
qi  k + 2u + 2ka  k(2a + 2u + 1). (3.14)
For any x ∈ (0,∞), we have∣∣γk(x) − u∣∣ ∣∣γk(x) − γk(1)∣∣+ ∣∣γk(1) − u∣∣ γ ′k|x − 1| + a−k
 (x + 2)a−k, (3.15)
since γ ′k = a−k . The inequalities (3.14) and (3.15) imply that∣∣γk(x) − u∣∣ (x + 2)a−|γk |/(2a+2u+1) < (x + 2) exp
(−C0|γk|
u + 1
)
, (3.16)
where C0 is a positive constant that depends only on a. This completes the proof of Theorem 5
in the case of a = b.
For the general case, let a, b > 1 and loga b be a rational number. Hence, am = bn for a choice
of positive integers m and n. Let θ :R → R be the linear map θ(z) = z∑n−10 bi .
We define two auxiliary affine maps
S0(z) = θ−1 ◦ T (m)0 ◦ θ(z) =
z
am
, S1(z) = θ−1 ◦ T (n)1 ◦ θ(z) = bnz + 1.
Since am = bn, we can use the previous case to conclude that, for a given pair v,w > 0, there
exist infinitely many μ ∈ Γ (S0, S1) such that
∣∣μ(v) − w∣∣ (v + 2) exp(−C1|μ|′
w + 1
)
, (3.17)
where C1 is a constant that depends only on a and b. Here |μ|′ is the length of μ as a word in S0
and S1. Each word η in S0 and S1 can be written as η = θ−1γ θ , where γ is a word in T0 and T1.
Moreover,
|γ |max{m,n}|η|′. (3.18)
For a given pair x,u ∈ (0,∞), set v = θ−1x and w = θ−1u. The inequalities (3.17) and (3.18)
imply that there exist infinitely many γ ∈ Γ (T0, T1) such that
∣∣θ−1 ◦ γ (x) − θ−1(u)∣∣ (θ−1(x) + 2) exp( −C1|γ |
(θ−1u + 1)max{m,n}
)
. (3.19)
Since θ is a linear map, the inequality (3.19) implies (3.11) for |γ | large enough. 
Let s ∈ (0,1) and t ∈ (1,∞). Then
exp
(−Cn/(u + 1))< exp(−ns)< t1/n − 1,
for n large enough. It follows from Theorem 5 that
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is O(exp(−ns))-dense and O(t1/n − 1)-dense in [0,∞) for any s ∈ (0,1) and t ∈ (1,∞).
4. Prime approximation of real numbers
In their recent paper [5], Goldston, Motohashi, Pintz, and Yildirim prove that “small gaps
between primes exist,” in that:
lim inf
n→∞
pn+1 − pn
logpn
= 0, (4.1)
where pn denotes the nth prime. Equivalently:∣∣∣∣pn+1pn − 1
∣∣∣∣= o
(
logpn
pn
)
,
for infinitely many n. Based on this, one hopes that more generally we have the following con-
jecture.
Prime approximation conjecture. For any u 0 and  > 0, there are infinitely many pairs of
distinct primes (p, q) such that ∣∣∣∣pq − u
∣∣∣∣<  logqq . (4.2)
It is known that there exists a prime between n and n+n0.535 for sufficiently large n (see [2]).
Consequently, by choosing a prime p between n = [qu] and n + n0.535, we have
∣∣∣∣pq − u
∣∣∣∣< Cq−0.465, (4.3)
where C is a constant that depends only on u. Assuming the Riemann hypothesis, Harald Cramér
proved in [4] that pn+1 −pn = O(√pn logpn), which sharpens the estimate (4.3) to an estimate
weaker than (4.2): ∣∣∣∣pq − u
∣∣∣∣< Cq−1/2 logq.
We conclude this section with a theorem on the approximation of nonnegative real numbers
by the ratios of logarithms of prime numbers. We need the following beautiful result from [8]:
Lemma 9. Suppose β is a positive real number such that
pn+1 − pn = O
(
pβn
)
, (4.4)
for large n, where pn is the nth prime. Then for any u > 1/(1 − β) there exists θ such that [θun]
is prime for any natural number n.
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such that ∣∣∣∣ logqn+1logqn − u
∣∣∣∣< uqn logqn . (4.5)
Proof. By (4.3), we know that (4.4) is true for β = 0.535. Hence, Lemma 9 implies that for
u > 1/(1 − 0.535) there exists θ > 1 such that
qn =
[
θu
n]
, n = 1,2,3, . . . ,
are all prime numbers. On the other hand,
logqn+1
log(qn + 1) < u =
log θun+1
log θun
<
log(qn+1 + 1)
logqn
,
which implies that
u − logqn+1
logqn
<
log(1 + 1/qn+1)
logqn
<
u
qn logqn
, (4.6)
for n large enough. Also
logqn+1
logqn
− u < logqn+1 log(1 + 1/qn)
logqn log(qn + 1) <
u
qn logqn
, (4.7)
since qn+1 < (qn + 1)u and log(1 + 1/qn) < 1/qn. Then (4.5) follows from (4.6) and (4.7). 
If v < 93/200, then by applying Theorem 10 to u = 1/v we get the following approximation∣∣∣∣ logqnlogqn+1 − v
∣∣∣∣< 1qn logqn+1 ,
which implies that qn > qvn+1 exp(−1/qn). It follows that∣∣∣∣ logqnlogqn+1 − v
∣∣∣∣< exp(1/qn)qvn+1 logqn+1 <
1 + 
qvn+1 logqn+1
,
for any fixed  > 0 and n large enough.
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